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Abstract
We prove a perturbation result for the Ornstein–Uhlenbeck generator on the Hölder space
Cθ
b,loc(H), H is a separable Hilbert space. As a consequence we obtain the existence of transition
semigroups and the solution of elliptic problems associated to stochastic differential equations with
non-linear drifts.
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1. Introduction
In this work we apply abstract perturbation techniques to prove a perturbation result for
the Ornstein–Uhlenbeck semigroup (Rt )t0 on certain subspaces of bounded, continuous
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transition semigroup associated to the stochastic differential equation{
dX(t) = AX(t)dt + dW(t),
X(0) = x ∈ H, (1.1)
where W(t) is a cylindrical Wiener process and A is strictly negative, self-adjoint operator
in H (see Hypothesis 2.1 below). The relationship between the solution X(t, x) to (1.1)
for the initial value x ∈ H and the semigroup (Rt )t0 is given by the expression
(Rtϕ)(x) = E
(
ϕ
(
X(t, x)
))
for all ϕ ∈ Cb(H), (1.2)
where E denotes the expectation. The Ornstein–Uhlenbeck semigroup is in general not of
C0-type, not even on the space UCb(H)1 (see, e.g., Cerrai [2], van Neerven and Zabczyk
[24]), thus several different approaches appear in the literature relaxing the condition of
strong-continuity with respect to the norm of Cb(H). Priola introduced the notion of
π -semigroups [20], Goldys and Kocan studied locally equicontinuous semigroups with
respect to mixed topologies [12] and considered the Ornstein–Uhlenbeck semigroup also
on the space of polynomially increasing functions. These techniques allowed various per-
turbations of the Ornstein–Uhlenbeck generator L in different settings in order to obtain the
perturbed transition semigroups corresponding, e.g., to the stochastic differential equation{
dX(t) = (AX(t) + F(X(t)))dt + dW(t),
X(0) = x ∈ H, (1.3)
where F :H → H is with satisfactorily nice properties.
We also mention that whenever an invariant measure µ exists for (Rt )t0, it is possible
to consider the semigroup (Rt )t0 on the spaces Lp(H,µ) for p ∈ [1,+∞). There the
Ornstein–Uhlenbeck semigroup becomes strongly continuous for the Lp-norm, hence the
theory of C0-semigroups is applicable. By applying Miyadera–Voigt perturbation results
(see Engel and Nagel [9, Section III.3.c]), Rhandi [22] provided a purely functional an-
alytic approach to transition semigroups. In more general setting, perturbation theory of
C0-semigroups was also applied for Mehler semigroups by Lescot and Röckner [17] to
solve stochastic differential equations perturbed by Levy noise. It is a subject of current
research whether the bi-continuous semigroup approach is applicable to handle such kind
of semigroups.
In this paper, we work on the space of locally Hölder-continuous functions on a separa-
ble Hilbert space H , and apply the recently developed theory of bi-continuous semigroups
(see Kühnemund [13–15] and Farkas [10,11]). The perturbations we focus on are inspired
by a work of Da Prato [5] and are of the type
Bϕ(x) := 〈F(x), (−A)γDϕ(x)〉,
where F :H → H is a Hölder-continuous function and A is the generator of the underlying
symmetric drift on H . Da Prato [5] used interpolation methods to obtain the existence
of solutions to the elliptic problem on Cθb (H) corresponding to L + B for γ = 1/2 and
for functions F ∈ Cθb (H,H) with sufficiently small Hölder norm ‖F‖θ  c. We drop the
1 UCb(H) is the space of bounded, uniformly continuous functions on H .
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the perturbation results appearing in the works of Da Prato [3–5], Farkas [11], Goldys and
Kocan [12] and Rhandi [22]. The problem posed by Da Prato for γ = 1/2 without any
conditions on ‖F‖θ remains unanswered.
The approach we follow is based on the Miyadera–Voigt type perturbation result pre-
sented in Farkas [11] for bi-continuous semigroups on Cb(H), but which is nevertheless
valid in more general situations, as the proof of Theorem 3.2 in the mentioned paper shows.
In this introductory section, we recall basic notions and results on bi-continuous semi-
groups and refer the reader to Kühnemund [13–15] and Farkas [10,11] for details. We also
introduce the space of locally Hölder-continuous functions, and show that this space fits
into our setting. In Section 2, we prove that the Ornstein–Uhlenbeck semigroup is a bi-
continuous semigroup on this space. Section 3 is devoted to the main perturbation result,
where we show that the perturbing operator B has the properties required for the applica-
tion of the abstract result in the first section. In the last section we discuss the regularity of
the solutions to the elliptic problem associated with the generator of the perturbed semi-
group. We prove resolvent estimates and show that the perturbation can be iterated. We
also show that the perturbed semigroup is positive and moreover is a Markov transition
semigroup.
As for the abstract framework of bi-continuous semigroups we take (X,‖ · ‖) a Banach
space endowed with an another locally convex, linear topology τ with the properties below
(see Kühnemund [15] for details).
Assumption 1.1.
(i) The norm topology is finer than τ .
(ii) The locally convex space (X, τ) is sequentially complete on τ -closed, norm bounded
sets.
(iii) The dual space (X, τ)′ is norming for (X,‖ · ‖), i.e.,
‖x‖ = sup
ϕ∈(X,τ)′
‖ϕ‖1
∣∣ϕ(x)∣∣
for all x ∈ X.
We suppose that the locally convex topology τ is given by the family of seminorms P
and P(x)  ‖x‖ holds for all P ∈ P. A typical example of such spaces would be Cb(H)
equipped with the compact–open topology τc.
Definition 1.1. Let (Pt )t0 be a one-parameter semigroup of norm-bounded linear opera-
tors. It is called a tight bi-continuous semigroup, if
(i) t → ‖Pt‖ is exponentially bounded,
(ii) for all x ∈ X the orbits t → Ptx are τ -continuous,
(iii) (tightness) for all t0  0, P ∈ P and ε > 0 there exists a constant KP,ε > 0 and a
seminorm P ′ ∈ P such that
P(Ptx)KP,εP ′(x)+ ε‖x‖ for all t ∈ [0, t0] and x ∈ X.
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[13], [15, Section 1.2])
D(A) :=
{
x ∈ X: ∃τ - lim
t→0
Ptx − x
t
, sup
t∈(0,1]
‖Ptx − x‖
t
< +∞
}
and
Ax := τ - lim
t→0
Ptx − x
t
.
The generator (A,D(A)) of a bi-continuous semigroup enjoys the important property be-
low (see Kühnemund [13], [15, Section 1.2] and Farkas [11]).
Theorem 1.1. There exists an η > 1 such that for all x ∈ X one finds a sequence xn ∈ D(A)
with xn
τ→ x and ‖xn‖ η‖x‖.
The perturbation result below appears in Farkas [11] for the space X = Cb(Ω) and
τ = τc the compact–open topology. However, the proof easily carries over to the abstract
case of bi-continuous semigroups.
Theorem 1.2. Let (Pt )t0 be a tight bi-continuous semigroup. Denote its generator by
(A,D(A)) with corresponding η obtained from Theorem 1.1. Let (B,D(A)) be a linear
operator for which the orbits s → BPsx are τ -continuous for all x ∈ D(A). Suppose that
there exist t0 > 0 and a real number q < 1/η2 such that s → ‖BPsx‖ is bounded on [0, t0]
and
t∫
0
‖BPsx‖ds < q‖x‖ (1.4)
for all t ∈ [0, t0] and x ∈ D(A). Assume furthermore that for all ε > 0 and P ∈ P there
exists a seminorm P ′ ∈ P and a positive real number MP,ε such that
t0∫
0
P(BPsx)ds < MP,εP ′(x) + ε‖x‖
for all x ∈ D(A). Then there exist a bi-continuous semigroup (St )t0 on X with generator
(A+B,D(A)). Moreover the resolvent of (A +B,D(A)) is given by
R(λ,A+B) = R(λ,A)(I −BR(λ,A))−1
for λ sufficiently large. The perturbed semigroup satisfies
Stx = Ptx +
t∫
0
St−sBPsx ds for all x ∈ D(A), t  0.
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and hence q < 1/η2 reduces to q < 1. Differentiating the function [0, t] 	 s → Pt−sSsx
(x ∈ D(A)) and then integrating on [0, t] gives the following formula:
Ptx = Stx +
t∫
0
Pt−sBSsx ds.
Let (H, 〈·, ·〉) be a separable Hilbert space with norm ‖·‖. We denote by Cb(H) the Banach
space of all continuous and bounded functions from H into R endowed with the norm
‖ϕ‖0 = supx∈H |ϕ(x)|.
We also introduce the following notations. For K ⊆ H and θ ∈ (0,1), we define the
functions
PK,θ :Cb(H) → [0,+∞] with PK,θ (f ) := sup
x,y∈K
x =y
|f (x)− f (y)|
‖x − y‖θ ,
PK :Cb(H) → [0,+∞] with PK(f ) := sup
x∈K
∣∣f (x)∣∣.
Further, we let [·]θ := PH,θ . Then the space of bounded locally θ -Hölder-continuous func-
tions on H is
Cθb,loc(H) :=
{
ϕ: ϕ ∈ Cb(H), [ϕ]θ < +∞,
∀K ⊂ H compact with 0 an accumulation point of K ,
lim‖h‖→0
h∈K
sup
x∈K
|ϕ(x + h)− ϕ(x)|
‖h‖θ = 0
}
,
or equivalently
Cθb,loc(H) =
{
ϕ: ϕ ∈ Cb(H), [ϕ]θ < +∞,
∀ε > 0 ∀K ⊂ H compact ∃δ(ϕ,K, ε) > 0 ∀x ∈ K ∀h ∈ K,(‖h‖ < δ(ϕ,K, ε) ⇒ ∣∣ϕ(x + h)− ϕ(x)∣∣ · ‖h‖−θ < ε)}.
We therefore obtain the Banach space (Cθb,loc(H),‖ · ‖θ ) with the norm
‖ · ‖θ := ‖ · ‖0 + [·]θ .
We may also endow the linear space Cθb,loc(H) with the locally convex topology τ
θ
c deter-
mined by the family of seminorms
Pθ :=
{PK +PK,θ : K ⊂ H compact and diam(K) > 0}.
The locally convex space (Cθb,loc(H), τ
θ
c ) satisfies condition (i) of Assumption 1.1, while
straightforward considerations show that also part (ii) is satisfied. For x, y ∈ H and x = y
we define
φθ,x,y := δx − δyθ .‖x − y‖
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Cθb,loc(H) with ‖φθ,x,y‖  1. Moreover one sees immediately that φθ,x,y is also τ θc -
continuous. Hence part (iii) of Assumption 1.1 is satisfied.
The space Cθb,loc(H,H) is defined analogously to C
θ
b,loc(H) and is equipped with norms
and seminorms similarly to the case of Cθb,loc(H), and these are denoted by the same sym-
bols.
2. The Ornstein–Uhlenbeck semigroup
We now turn our attention to symmetric Ornstein–Uhlenbeck semigroups on the space
Cθb,loc(H) as introduced in the previous section. To this end we recall the appropriate
framework. Let H be a separable Hilbert space, and consider a linear operator A :D(A) ⊂
H → H such that the following hypothesis holds.
Hypothesis 2.1.
(i) A is self-adjoint and there exists ω > 0 such that
〈Ax,x〉−ω‖x‖2, x ∈ D(A).
(ii) A−1 is of trace class.
Under this hypothesis, which will be tacitly assumed in the whole of this work,
(A,D(A)) generates a symmetric, contractive, analytic C0-semigroup on H . We denote
this semigroup simply by (etA)t0. Define
Qt =
t∫
0
e2sA ds = −1
2
A−1(I − e2tA), t  0.
One sees from the assumptions that Qt is of trace class. The Gaussian measures NetAx,Qt
on H with mean etAx and covariance Qt exist for all t  0 and x ∈ H . This family of
measures describes the distribution of the process X(t, x) solving (1.1) (see Da Prato and
Zabczyk [6]). Hence the Ornstein–Uhlenbeck semigroup takes the form
(Rtϕ)(x) =
∫
H
ϕ(y)dNetAx,Qt (y), ϕ ∈ Cb(H), x ∈ H.
A change of variables gives the expression
(Rtϕ)(x) =
∫
H
ϕ(etAx + y)dNQt (y), t  0, ϕ ∈ Cb(H), x ∈ H, (2.1)
where NQt is the Gaussian measure on H of mean 0 and covariance operator Qt .
This semigroup is extensively studied by many authors, we refer to Da Prato [3–5],
Da Prato and Zabczyk [6–8], Goldys and Kocan [12], Kühnemund and van Neerven [16],
Lunardi [18], Metafune et al. [19], Priola [20], Rhandi [22], van Neerven [23] and van
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be found, e.g., in Cerrai [2].
Proposition 2.1. For all t0  0 and K ⊂ H compact set, the family{NetAx,Qt : t ∈ [0, t0], x ∈ K}
of Gaussian measures is tight.
Note that the semigroup (Rt )t0 is not strongly continuous on the spaces Cb(H)
and UCb(H) (see Cerrai [2] and van Neerven and Zabczyk [24]). However, making use
of the above proposition we can look at (Rt )t0 as a bi-continuous semigroup for the
compact–open topology τc, and define its generator L as (see also Kühnemund [13,15]
and Farkas [11])
D(L) :=
{
ϕ ∈ Cb(H): ∃τc- lim
t→0
Rtϕ − ϕ
t
, sup
t∈(0,1]
‖Rtϕ − ϕ‖0
t
< +∞
}
and
Lϕ := τc- lim
t→0
Rtϕ − ϕ
t
.
It is known that for an appropriate subset D0 ⊆ D(L), we can write
Lϕ(x) = 1
2
Tr
(
D2ϕ(x)
)− 〈x,ADϕ(x)〉 for ϕ ∈ D0, x ∈ H.
Note that in our case, by the Cameron–Martin formula, the semigroup (Rt )t0 is regular-
izing in the sense that for all ϕ ∈ Cb(H) the function Rtϕ belongs to C∞b (H) for t > 0.
Since we want to deal with the Ornstein–Uhlenbeck semigroup on Cθb,loc(H), we show
first the invariance of this space under the semigroup (Rt )t0. The results presented in the
rest of this section are indeed independent from the assumptions on (etA)t0 and are valid
whenever the Ornstein–Uhlenbeck semigroup is defined on Cb(H).
Proposition 2.2. Let ϕ ∈ Cθb,loc(H), then for all t  0 one has Rtϕ ∈ Cθb,loc(H).
Proof. For arbitrary x, x′ ∈ H we have the following estimate:
∣∣(Rtϕ)(x)− (Rtϕ)(x′)∣∣
∫
H
∣∣ϕ(y + etAx)− ϕ(y + etAx′)∣∣dNQt (y)

∫
H
[ϕ]θ · ‖etAx − etAx′‖θ dNQt (y)
 [ϕ]θ‖x − x′‖θ . (2.2)
Let K ⊂ H be a compact set. For a given ε > 0 take K1 ⊂ H compact in accordance with
the tightness of the family {NQt : t ∈ [0, t0]}. Define moreover
K2 :=
{
x: ∃t ∈ [0, t0], x ∈ etAK +K1
}
.
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∫
K1
∣∣ϕ(y + etAx)− ϕ(y + etAx′)∣∣dNQt (y)
+
∫
H\K1
∣∣ϕ(y + etAx)− ϕ(y + etAx′)∣∣dNQt (y)

∫
K1
ε · ‖etAx − etAx′‖θ dNQt (y)
+
∫
H\K1
[ϕ]θ · ‖etAx − etAx′‖θ dNQt (y)
 ε · ‖x − x′‖θ + ε · [ϕ]θ · ‖x − x′‖θ , (2.3)
whenever ‖x − x′‖ δ(ϕ,K2, ε). Equations (2.2) and (2.3) together show the invariance
of Cθb,loc(H) under Rt . 
Theorem 2.1. The Ornstein–Uhlenbeck semigroup defined by (2.1) is a tight bi-continuous
semigroup on Cθb,loc(H).
Proof. By similar reasonings and notation as in (2.3), we obtain that
∣∣(Rtϕ)(x)− (Rtϕ)(x′)∣∣
∫
K1
∣∣ϕ(y + etAx)− ϕ(y + etAx′)∣∣dNQt (y)
+
∫
H\K1
∣∣ϕ(y + etAx)− ϕ(y + etAx′)∣∣dNQt (y)

∫
K1
PK2,θ (ϕ) · ‖etAx − etAx′‖θ dNQt (y)
+
∫
H\K1
[ϕ]θ · ‖etAx − etAx′‖θ dNQt (y)

(PK2,θ (ϕ)+ ε · [ϕ]θ ) · ‖x − x′‖θ . (2.4)
Using always the tightness of the family {NQt : t ∈ [0, t0]} we get
sup
x∈K
∣∣(Rtϕ)(x)∣∣PK2(ϕ) + ε‖ϕ‖0 (2.5)
which together with (2.4) establishes the tightness of the family {Rt : t ∈ [0, t0]} also for
the topology τ θc .
From (2.2) and from the contractivity of (Rt )t0 on Cb(H), it follows that the t → Rt is
also locally norm-bounded on Cθb,loc(H) and hence is exponentially bounded. In particular,
it is contractive, since (etA)t0 is contractive.
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The τc-strong continuity was shown already in Kühnemund [15] and Farkas [11], thus it
suffices to show the continuity of the orbits t → Rtϕ for all seminorms PK,θ with K ⊂ H
compact. Take ϕ ∈ Cθb,loc(H) arbitrary and let K ⊂ H compact. Then as above we have the
compact sets K1,K2 ⊂ H . Define the compact set K3 := K ∪ K1 ∪ K2. For this compact
set K3 we take δ(ϕ,K3, ε) according to the definition of Hölder-continuity (see page 670).
Further take δ > 0 and t ′ > 0 such that
‖y + etAx − x‖ δ(ϕ,K3, ε) for all ‖y‖ δ, t ∈ [0, t ′] and x ∈ K3.
Thus we obtain for arbitrary x, x′ ∈ K ,∣∣(Rtϕ)(x)− ϕ(x) − (Rtϕ)(x′)+ ϕ(x′)∣∣

∫
H
∣∣ϕ(y + etAx)− ϕ(x)− ϕ(y + etAx′)+ ϕ(x′)∣∣dNQt (y)
=
∫
B(0,δ)∩K1
∣∣ϕ(y + etAx)− ϕ(x)− ϕ(y + etAx′)+ ϕ(x′)∣∣dNQt (y)
+
∫
K1\B(0,δ)
∣∣ϕ(y + etAx)− ϕ(x)− ϕ(y + etAx′)+ ϕ(x′)∣∣dNQt (y)
+
∫
H\K1
∣∣ϕ(y + etAx)− ϕ(x)− ϕ(y + etAx′)+ ϕ(x′)∣∣dNQt (y)
 I (t, x, x′)+ 2[ϕ]θ‖x − x′‖θ TrQt
δ2
+ 2ε[ϕ]θ‖x − x′‖θ .
Now, there are two possibilities. When ‖x − x′‖ δ(ϕ,K3, ε), we have
I (t, x, x′) :=
∫
B(0,δ)∩K1
∣∣ϕ(y + etAx)− ϕ(x)− ϕ(y + etAx′)+ ϕ(x′)∣∣dNQt (y)

∫
B(0,δ)∩K1
∣∣ϕ(y + etAx)− ϕ(x)∣∣+ ∣∣ϕ(y + etAx′) − ϕ(x′)∣∣dNQt (y)
 2εδ(ϕ,K3, ε)θ  2ε‖x − x′‖θ .
On the other hand, when ‖x − x′‖ δ(ϕ,K3, ε) we obtain
I (t, x, x′) :=
∫
B(0,δ)∩K1
∣∣ϕ(y + etAx)− ϕ(x)− ϕ(y + etAx′)+ ϕ(x′)∣∣dNQt (y)

∫
B(0,δ)∩K1
∣∣ϕ(y + etAx)− ϕ(y + etAx′)∣∣+ ∣∣ϕ(x′)− ϕ(x)∣∣dNQt (y)
 ε‖etAx − etAx′‖θ + ε‖x − x′‖θ  2ε‖x − x′‖θ .
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for all x, x′ ∈ K and t ∈ [0, t ′′]. This finishes the proof. 
3. The perturbation result
In this section we consider perturbations of the Ornstein–Uhlenbeck semigroup by non-
linear drifts. Let us define
Λt := Q−1/2t etA =
√
2(−A)1/2etA(1 − e2tA)−1/2.
From functional calculus we obtain for γ ∈ [0,1/2),∥∥(−A)γΛt∥∥ cγ t−(γ+1/2), t > 0, (3.1)
where
cγ = sup
ζ>0
√
2ζ 2γ+1 e
−ζ
√
1 − e−2ζ .
It should be also remarked that in our case Rg etA ⊆ RgQ1/2t for t > 0. Thus the Cameron–
Martin formula provides the Radon–Nikodým derivative of the equivalent measures NQt
and NetAx,Qt ,
dNetAx,Qt
dNQt
(y) = e−1/2‖Λtx‖2+〈Q−1/2t y,Λt x〉 for a.a. y ∈ H.
Our purpose is now to establish the necessary estimates for the application of Theorem 1.2.
Using the above formula we obtain the following series of estimates similar to the results
in Da Prato [5]. In the sequel Df denotes the derivative of a Fréchet differentiable function
f ∈ Cb(H).
Lemma 3.1. Let ϕ ∈ Cb(H) and t > 0. Then DRtϕ(x) ∈ D((−A)γ ) for all x ∈ H . More-
over (−A)γDRtϕ ∈ Cb(H,H), and we have∥∥(−A)γDRtϕ(x)∥∥ cγ t−(γ+1/2)∣∣Rtϕ2(x)∣∣1/2, t > 0. (3.2)
In particular∥∥(−A)γDRtϕ∥∥0  cγ t−(γ+1/2)‖ϕ‖0, t > 0, (3.3)
and, for all ε > 0 and K ⊂ H compact there exists a K ′ ⊂ H compact set such that
PK
(
(−A)γDRtϕ
)
 cγ t−(γ+1/2)
(PK ′(ϕ)+ ε · ‖ϕ‖0), t > 0. (3.4)
Proof. Let ϕ ∈ Cb(H), t > 0 and h ∈ D((−A)γ ). Then〈
DRtϕ(x), (−A)γ h
〉= ∫ 〈(−A)γΛth,Q−1/2t y〉ϕ(etAx + y)dNQt (y), x ∈ H.H
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∫
H
∣∣〈(−A)γΛth,Q−1/2t y〉∣∣2 dNQt (y)

∣∣Rtϕ2(x)∣∣ · c2γ t−2(γ+1/2)‖h‖2, x ∈ H.
Thus, indeed DRtϕ(x) ∈ D((−A)γ ) and inequality (3.2) follows from the arbitrariness
of h. The other two inequalities are immediate consequences of the above. 
We show similar estimates for the Hölder seminorms.
Lemma 3.2. Let ϕ ∈ Cθb,loc(H), θ ∈ (0,1) and t > 0. Then (−A)γDRtϕ ∈ Cθb,loc(H,H)
and we have[
(−A)γDRtϕ
]
θ
 cγ t−(γ+1/2)[ϕ]θ , t > 0, (3.5)
and for all compact set K ⊂ H and ε > 0 we have
PK,θ
(
(−A)γDRtϕ
)
 cγ t−(γ+1/2)
(PK ′,θ (ϕ)+ ε · [ϕ]θ ), t > 0, (3.6)
for an appropriate K ′ ⊂ H compact set.
Proof. Let ϕ ∈ Cθb,loc(H), h ∈ H . Then for any x, y ∈ H we find〈
(−A)γ (DRtϕ(x)−DRtϕ(y)), h〉
=
∫
H
〈
(−A)γΛth,Q−1/2t z
〉(
ϕ(etAx + z) − ϕ(etAy + z))dNQt (z). (3.7)
By the Hölder inequality it follows that
sup
x =y∈H
|〈(−A)γDRtϕ(x)− (−A)γDRtϕ(y),h〉|2
‖x − y‖2θ
 [ϕ]2θ
∫
H
∣∣〈(−A)γΛth,Q−1/2t z〉∣∣2 dNQt (z)
= [ϕ]2θ ·
∥∥(−A)γΛth∥∥2  [ϕ]2θ · c2γ t−2(γ+1/2)‖h‖2.
From the arbitrariness of h (3.5) follows. From (3.7), we obtain again by the Hölder in-
equality that∣∣〈(−A)γ (DRtϕ(x)−DRtϕ(y)), h〉∣∣2
= c2γ t−2(γ+1/2)‖h‖2 ·
∫
H
∣∣ϕ(etAx + z) − ϕ(etAy + z)∣∣2 dNQt (z)
 c2γ t−2(γ+1/2)
(P2K ′,θ (ϕ)+ ε · [ϕ]2θ ) · ‖x − y‖2θ‖h‖2,
where we have also used (2.4). This establishes the inequality (3.6) and the proof is com-
plete. 
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x ∈ H , and we have∥∥(−A)γDR(λ,L)ϕ∥∥0  cγ λ1/2−γ Γ (1/2 − γ )‖ϕ‖0, (3.8)
and for all compact sets K ⊂ H and ε > 0 we have
PK
(
(−A)γDR(λ,L)ϕ) cγ λ1/2−γ Γ (1/2 − γ )(PK ′(ϕ)+ ε‖ϕ‖0) (3.9)
for an appropriate K ′ ⊂ H compact set.
Proof. Let ϕ ∈ Cb(H), t > 0. Taking the Laplace transform of (−A)γDRtϕ and using
(3.3), we have for h ∈ H ,
∣∣〈(−A)γDR(λ,L)ϕ(x),h〉∣∣ cγ ‖h‖ · ‖ϕ‖0
∞∫
0
t−(γ+1/2)e−λt dt
= cγ λ1/2−γ Γ (1/2 − γ )‖ϕ‖0 · ‖h‖.
To prove the second statement, we take the Laplace transform again for the topology τc ,
but make use of inequality (3.6) and thus obtain∥∥(−A)γDR(λ,L)ϕ(x)∥∥ cγ λ1/2−γ Γ (1/2 − γ ) · (PK ′(ϕ)+ ε · ‖ϕ‖0), x ∈ K,
which finishes the proof. 
Lemma 3.4. Let ϕ ∈ Cθb,loc(H). Then DR(λ,L)ϕ(x) ∈ D((−A)γ ) for any λ > 0, x ∈ H
and we have[
(−A)γDR(λ,L)ϕ]
θ
 cγ λ1/2−γ Γ (1/2 − γ )[ϕ]θ . (3.10)
Moreover, for all ε > 0 and compact set K ⊂ H there exist a K ′ ⊂ H compact set such
that
PK,θ
(
(−A)γDR(λ,L)ϕ) cγ λ1/2−γ Γ (1/2 − γ )(PK,θ (ϕ)+ ε · [ϕ]θ ). (3.11)
Proof. By using the Laplace transform the proof is similar to that of Lemma 3.2. 
We end this section by presenting the perturbation result for the Ornstein–Uhlenbeck
generator on Cθb,loc(H). For F ∈ Cθb,loc(H,H) and x ∈ H we define the operator
Bϕ(x) := 〈F(x), (−A)γDϕ(x)〉 for ϕ ∈ D(L), (3.12)
which is possible by the previous two lemmas. For this operator we obtain the following
result.
Theorem 3.1. The sum L + B with domain D(L) generates a bi-continuous semigroup
(Pt )t0 on Cθ (H).b,loc
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continuous semigroup, it remains to show that the conditions given in Theorem 1.2 are
fulfilled. Note that by Lemmas 3.3 and 3.4 we obtain that for all ϕ ∈ D(L) the orbit
s → BRsϕ is norm-bounded on any compact interval [0, t0] ⊂R+ and it is τ θc -continuous.
To check the condition (1.4), take x ∈ H and ϕ ∈ D(L). Using Lemmas 3.1 and 3.2 we
obtain for s > 0,
BRsϕ(x) =
〈
F(x), (−A)γDRsϕ(x)
〉
,
hence
‖BRsϕ‖θ  ‖F‖θ ·
∥∥(−A)γDRsϕ∥∥θ  ‖F‖θ cγ s−(γ+1/2)‖ϕ‖θ .
Choosing t0 > 0 appropriately small, we find
t∫
0
‖BRsϕ‖θ ds  cγ ‖F‖θ‖ϕ‖θ
t∫
0
s−(γ+1/2) ds  q‖ϕ‖θ
with q < 1 and for all t ∈ [0, t0]. By using (3.4) in Lemma 3.1 and (3.6) in Lemma 3.2, we
check the last condition of Theorem 1.2, hence we conclude the proof. 
4. Properties of the perturbed semigroup
In this closing section we first consider the following elliptic problem associated to the
generator L+B:
λϕ(x)− 1
2
TrD2ϕ(x) − 〈x,ADϕ(x)〉− 〈F(x), (−A)γDϕ(x)〉= ψ(x), (4.1)
where λ > 0 and ψ ∈ Cθb,loc(H). By Theorem 3.1, L + B is a generator, hence ρ(L + B)
contains half-lines, so the solution of this equation for λ > λ0 is given by
ϕ(x) = R(λ,L+B)ψ(x), x ∈ H.
Moreover, this solution satisfies Schauder type estimates and has more regularity as shown
below.
Theorem 4.1. For λ > λ0, and for ϕ ∈ Cθb,loc(H) the function ψ = R(λ,L + B)ϕ belongs
to Cθb,loc(H) ∩C2+θb (H).
Proof. By Theorem 1.2 we can write the resolvent R(λ,L +B) as follows:
R(λ,L+B) = R(λ,L)(I −BR(λ,L))−1
for λ large. Hence the theorem is an immediate consequence of Theorem 6.4.5 in Da Prato
and Zabczyk [8], i.e., the Schauder estimates for the Ornstein–Uhlenbeck operator. 
Later we will see that (Pt )t0 is a contractive semigroup, hence (0,+∞) ⊆ ρ(L +B).
So the previous results hold for arbitrary λ > 0.
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enjoys additional regularity properties.
Theorem 4.2. Let γ ∈ [0,1/2). Consider the operator B defined in (3.12), and take β ∈
[γ,1/2). Then∥∥(−A)βDR(λ,L+B)ϕ∥∥
θ
M2‖ϕ‖θ
for all λ > 0 sufficiently large. Furthermore, for all K ⊂ H compact and ε > 0 we have
PK
(
(−A)βDR(λ,L+B)ϕ)M3PK ′(ϕ)+ ε‖ϕ‖0,
and also
PK,θ
(
(−A)βDR(λ,L+B)ϕ)M3PK ′,θ (ϕ)+ ε[ϕ]θ .
Proof. We know by Theorem 1.2 that the resolvent of L+B is given by
R(λ,L+B) = R(λ,L)(I −BR(λ,L))−1 (4.2)
for λ large. Further there exists a λ0  0 such that for all λ > λ0,∥∥BR(λ,L)∥∥ q < 1
holds for some q > 0 (see Farkas [11, Theorem 3.2]). Thus using (3.8) and (3.10), we may
write for any ϕ ∈ Cθb,loc(H) that∥∥(−A)βDR(λ,L+B)ϕ∥∥
θ
M1λ1/2−βΓ (1/2 − β)
∥∥(I −BR(λ,L))−1ϕ∥∥
θ
M2‖ϕ‖θ
for all λ > λ0. On the other hand, for a given ε > 0 take N ∈N sufficiently large such that
∞∑
k=N+1
∥∥BR(λ,L)∥∥k < ε.
For K ⊂ H compact, using (3.9) and (3.11) one finds by recursion a constant M3  0 and
a compact set K ′ ⊂ H such that
PK
([
BR(λ,L)
]k
ϕ
)
M3PK ′(ϕ)+ ε‖ϕ‖0,
and similarly
PK,θ
([
BR(λ,L)
]k
ϕ
)
M3PK ′,θ (ϕ)+ ε[ϕ]θ
for all λ > λ0 and k = 1, . . . ,N . From this by virtue of (3.9), (3.11), and (4.2), we conclude
the remaining two assertions. 
At this point, it is natural to ask whether we can perturb the semigroup (Pt )t0 again.
We will give a positive answer, and in doing so we prove similar estimates to Lemmas 3.3
and 3.4.
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and ∥∥(−A)βDPtϕ∥∥θ  c(t0)‖F‖θtβ+1/2 ‖ϕ‖θ . (4.4)
Proof. Let us first prove the statement in (4.3). Since we have for ϕ ∈ D(L) that
Ptϕ = Rtϕ +
t∫
0
Rt−sBPsϕ ds, (4.5)
it follows by Lemma 3.1 also that∥∥(−A)βDPtϕ∥∥0
 cβ
tβ+1/2
‖ϕ‖0 + ‖F‖0
t∫
0
cβ
(t − s)β+1/2
∥∥(−A)γ−β∥∥ · ∥∥(−A)βDPsϕ∥∥ds.
The statement now follows by using the singular Gronwall inequality (see Amann [1, Sec-
tion II.3.3]). The proof of (4.4) is similar. 
To prove estimates for the seminorms PK , and PK,θ we will need the following lemma.
Lemma 4.2. For all K,K ′ ⊂ H compact sets and t ′ > 0 there exist a compact set K∗ ⊂ H
with K ⊆ K∗, and etAK∗ +K ′ ⊆ K∗ for all t ∈ [t ′,+∞).
Proof. Let K1 := K ∪K ′ ∪ {0} and define
K2 := {etAx: x ∈ K1, t ∈R+}.
It is easy to see that K2 is compact. Now we define
B :=
{
x: x =
∞∑
k=1
ekt
′Axk, xk ∈ K2
}
.
Then B is a bounded set. The desired compact set is defined by K∗ := K2+et ′AB . Straight-
forward considerations show that K∗ has all necessary properties. 
According to this lemma, for ε > 0, K,K ′ ⊂ H compact sets with NQt (H \ K ′)  ε
for all t ∈ [0, t0], Lemmas 3.1 and 3.2 yield for P∗ :=PK∗ +PK∗,θ that
P∗((−A)γDRtϕ) cγ t−(γ+1/2)(P∗(ϕ)+ ε‖ϕ‖θ )
for all ϕ ∈ D(L).
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t0∫
0
P((−A)βDPtϕ)dt  c∗(t0)P ′(ϕ)+ ε‖ϕ‖θ (4.6)
for all ϕ ∈ D(L).
Proof. First we take t ′ > 0 such that
t ′∫
0
∥∥(−A)βDPtϕ∥∥θ dt  ε‖ϕ‖θ , ϕ ∈ D(L). (4.7)
This is possible by Lemma 4.1. Let P ∈ Pθ , then we have P = PK + PK,θ for some
K ⊂ H compact. For ε > 0 let K◦ ⊂ H be compact corresponding to the tightness ofNQt ,
t ∈ [0, t0]. For K , K ′ = K◦ and the t ′ > 0 above we take K∗ supplied by Lemma 4.2 and
define P∗ :=PK∗ +PK∗,θ . Then we have
P(ψ)P∗(ψ) for all ψ ∈ Cθb,loc(H).
Hence it is enough to prove the inequality (4.6) for the seminorm P∗. By (4.5) we have
P∗((−A)βDPtϕ)P∗((−A)βDRtϕ)+
t∫
0
P∗((−A)βDRt−sBPsϕ)ds.
Using (3.4) and (3.6) we obtain
P∗((−A)βDPtϕ)
 cβt−(β+1/2)
(P∗(ϕ) + ε‖ϕ‖θ )
+ cβ
t∫
0
(t − s)−(β+1/2)(P∗(BPsϕ)+ ε‖BPsϕ‖θ )ds
for all t ∈ [t ′,+∞). Then we conclude
P∗((−A)βDPtϕ)
 cβt−(β+1/2)
(P∗(ϕ) + ε‖ϕ‖θ )
+ cβ‖F‖θ
∥∥(−A)γ−β∥∥
×
t∫
0
(t − s)−(β+1/2)(P∗((−A)βDPsϕ)+ ε∥∥(−A)βDPsϕ∥∥θ )ds.
Using that
t∫
(t − s)−(β+1/2)s−(β+1/2) Mt−(β+1/2),0
682 A. Es-Sarhir, B. Farkas / J. Math. Anal. Appl. 315 (2006) 666–685for some constant M > 0, we obtain for t ∈ [t ′,+∞) that
P∗((−A)βDPtϕ)
 ct−(β+1/2)
(P∗(ϕ)+ ε · ‖ϕ‖θ )+ c′
t∫
0
(t − s)β+1/2P∗((−A)βDPsϕ)ds.
From this by the Gronwall inequality it follows that
P∗((−A)βDPtϕ) c∗(t0)t−(β+1/2)(P∗(ϕ)+ ε · ‖ϕ‖θ )
for all t ∈ (t ′,+∞). Combining this with (4.7) we obtain the desired inequality. 
Based on Theorem 4.2 and Lemmas 4.1, 4.3, a similar reasoning as in the proof of
Theorem 3.1 gives the following
Theorem 4.3. The operator (L + B + B ′,D(L)) generates a bi-continuous semigroup on
Cθb,loc(H), where
B ′ϕ(x) := 〈F(x), (−A)βDϕ(x)〉
with β ∈ [γ,1/2) and F ∈ Cθb (H,H).
Finally, we remark that all previous results are valid for θ = 0 and prove the positivity
of the perturbed semigroup (Pt )t0 on Cb(H). As a conclusion we will see that it is a
Markov transition semigroup.
Theorem 4.4. The bi-continuous semigroup (Pt )t0 generated by (L + B,D(L)) is posi-
tive on Cb(H).
Proof. Take ε > 0 such that γ + ε < 1/2, and let (−An)γ be the Yosida approximation of
(−A)γ . For n ∈N define the operator Bn by D(Bn) := D(L) and
Bnϕ(x) :=
〈
(−An)γ F (x),Dϕ(x)
〉= 〈(−An)γ (−A)−(γ+ε)F (x), (−A)γ+εDϕ(x)〉
for ϕ ∈ D(L). From this we see that the application of Theorem 3.1 gives the semigroups
(P nt )t0 with generator (L+Bn,D(L)). Furthermore we have the following estimate:
‖Bnϕ −Bϕ‖0 
∥∥(−An)γ (−A)−(γ+ε) − (−A)−ε∥∥ · ‖F‖0 · ∥∥(−A)γ+εDϕ∥∥0 (4.8)
for all ϕ ∈ D(L).
It is known that Lipb(H,H) is dense in UCb(H,H), so using that Cb(H,H) ⊆
UCb(H,H), where the closure is understood in the topology τc, the same argument as
in Rhandi [22] shows that the bi-continuous semigroup (P nt )t0 is positive on Cb(H).
Note that for ϕ ∈ D(L) we can write
(B −Bn)ϕ(x) =
〈
F(x) − (−An)γ (−A)−γ F (x), (−A)γDϕ(x)
〉
= 〈Gn(x), (−A)γDϕ(x)〉,
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Theorem 4.3 the semigroup can be perturbed by the operator B − Bn, i.e., the semigroup
(Pt )t0 is the perturbation of (P nt )t0. Thus (4.5) yields
Ptϕ − Pnt ϕ =
t∫
0
Pt−s(B −Bn)P ns ϕ ds.
Comparing this with (4.3) and (4.8) gives
∥∥Ptϕ − Pnt ϕ∥∥0 
t∫
0
‖Pt−s‖ ·
∥∥(B −Bn)P ns ϕ∥∥ds
 c1(t)
∥∥(−An)γ (−A)−(γ+ε) − (−A)−ε∥∥
· ‖F‖0 ·
t∫
0
∥∥(−A)γ+εDPns ϕ∥∥0 ds
 c2(t)
∥∥(−An)γ (−A)−(γ+ε) − (−A)−ε∥∥
· ∥∥(−An)γ (−A)−γ ∥∥ · ‖F‖0‖ϕ‖0
t∫
0
1
sγ+ε+1/2
ds
= c3(t)
∥∥(−An)γ (−A)−(γ+ε) − (−A)−ε∥∥.
This shows that Ptϕ → Pnt ϕ in norm for all ϕ ∈ D(L). Thus Ptϕ τc→ Pnt ϕ for all ϕ ∈
Cb(H) by the denseness of D(L) in Cb(H) with respect to the compact–open topology τc
(see Theorem 1.1). Noting that the positive cone of Cb(H) is τc-closed concludes the
proof. 
We make use of this result to show that the perturbed semigroup can be represented by
positive measures. To this end we recall the following (see Farkas [11]). For a bi-continuous
semigroup (St )t0 on Cb(H) there always exists a family µ :R+ × H →Mb(H) of
bounded, Borel measures on H such that
Stϕ(x) =
∫
H
ϕ dµ(t, x).
Indeed, the Banach space Cb(H) is isomorphic to C(βH), where βH denotes the Stone–
ˇCech compactification of H . Thus the dual space Cb(H)′ is the spaceMb(βH) of bounded
Borel measures on βH . We remark that Mb(H) naturally imbeds into Mb(βH) and the
restriction of a Borel measure on βH to the Borel σ -algebra B(H) is a Borel measure
on H . Thus after noting that S′t leaves Mb(H) invariant, one sees that the desired family
of measures is given by µ(t, x) = (S′t δx)|B(H). Whenever (St )t0 is a positive semigroup,
the measures µ(t, x) are positive. Then standard arguments show (see Priola [21, Propo-
sition 2.2.7]) that µ is a transition function and so (St )t0 is a transition semigroup in the
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fore it is a transition semigroup.
Corollary 4.1. The bi-continuous semigroup (Pt )t0 generated by (L + B,D(L)) is
Markov transition semigroup on Cb(H).
Proof. Only the equality Pt1 = 1 was not shown before, which is however established by
Pt1 = Rt1 +
t∫
0
Pt−sBRs1 ds = Rt1 + 0 = 1. 
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